ft INVARIANT OF NANOPHRASES 



YUKA KOTORII 



Abstract. Two link diagrams are link nomotopic if one can be transformed 
into the other by a sequence of Reidemeister moves and self crossing changes. 
Milnor introduced an invariant under link homotopy called p. In this paper, 
we extend the link homotopy to nanophrases corresponding to virtual link and 
p invariant to nanophrases. 



1. Introduction 

A word will be a sequence of symbols, called letters, belonging to a given set A, 
called alphabet. Turaev developed the theory of words based on the analogy with 
curves on the plane, knots in the 3-sphere, virtual knot, etc. in [51 f^l [TUl fTT) . 

A Gauss word is a sequence of letters with the condition that any letter appearing 
in the sequence does so exactly twice. A Gauss word can be obtained from an 
oriented virtual knot diagram introduced by Kauffman in [J]. Given a diagram, 
label the real crossings and pick a base point on the curve somewhere away from 
any of the real crossings. Starting from the base point, we follow the curve and 
read off the labels of the crossings as we pass through them. When we return to 
the base point, we will have a sequence of letters in which each label of a real 
crossing appears exactly twice. Thus this sequence is a Gauss word. It is natural 
to introduce combinatorial moves on Gauss words to generate equivalence relation, 
which we call homotopy, based on Reidemeister moves on a knot diagram. 

We then assign to each crossing some data that it is under or over and so on. 
This leads us to the notion of nanoword by Turaev in [11]. By introducing refined 
combinatorial moves on nanowords, the notion of homotopy can be refined also. 
From this viewpoint, homotopy of Gauss words is the simplest kind of nanoword 
homotopy. In fact, homotopic nanowords in any refinement are homotopic as Gauss 
words. 

The theory of nanowords can be naturally generalized to the theory of nanophrases 
as the knot theory does to the link theory. The purpose of this paper is to develop 
weaker homotopy theory on nanophrases, called M-homotopy, which is an analogue 
of Milnor's link homotopy [5] [7J. By a link homotopy we mean a dcformotion of 
one link onto another, during which each component of the link is allowed to cross 
itself, but no two components are allowed to intersect. Milnor introduced an in- 
variant under link homotopy called ft in [H [7] . We introduce a self crossing move 
on nanophrases and the associated M-homotopy allowing self crossings. The main 
result stated in Theorem 13.31 is to define an M-homotopy invariant of nanophrases 
corresponding to virtual links as an extension of Milnor's ft invariant. Dye and 
Kauffman have done a similar work in pQ. We will come back to their results in 
Example 14.51 Also, Kravchenko and Polyak have done an extension of Milnor's /i 
invariants to virtual tangles in [5] . Their extension coincides with ours for the case 
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of virtual links, modulo lower degree invariants. However our proof is considerably 
different from theirs. 

This paper is organized as follows. In section 2, following Turaev, we give formal 
definitions of words, phrases and so on. In section 3, we develop M-homotopy 
theory for nanophrase and define invariants analogous to Milnor's p,. In section 4, 
we introduce some examples for /2. In section 5, 6 and 7, we prove the invariance 
under an M-homotopy corresponding to virtual links. In section 8, we show that 
this invariant is also an invariant under an M-homotopy corresponding to welded 
links. 

2. Nanowords and nanophrases 

In this section, following Turaev [5J El EH EQ , we review formal definitions of 
words, phrases and so on. 

2.1. Words and phrases. An alphabet is a finite set and its element is called a 
letter. For any positive integer m, let rh denote the set {1,2, . . . , to}. A word on 
an alphabet A of length m is a map 

w : m — > A. 

Informally, we can think of a word w on A as a finite sequence of letters in A and 
we will usually write words in this way. For example, ABA is a word of length 3 on 
{A, B,C}, where 1 is mapped to A, 2 to B and 3 to A. By convention, the empty 
word of length on any alphabet is written by 0. 

Concatenation of two words is defined by writing down the first word and then 
the second one. For example, the concatenation of the words w = ABC and 
v = DBBA is the word wv = ABCDBBA. 

An n-component phrase on an alphabet A is a sequence of n words on A. We 
write phrases as a sequence of words, separated by '|'. For example, A\BCA\CD is a 
3-component phrase on {A, B, C, D}. There is a unique phrase with O-components 
which we denote by 0p. In this paper, we will regard words as 1-component phrases. 

2.2. Nanowords and nanophrases. Let a be a finite set. An a-alphabet is an 
alphabet A together with an associated map from A to a. This map is called a 
projection. The image of any A G A in a will be denoted by \A\. An isomorphism 
of a-alphabets Ai and A2 is a bijection / from Ai to A2 such that 1/(4) | is equal 
to |A for any letter A in A\. 

A Gauss word on an alphabet A is a word on A such that every letter in A 
appears exactly twice. Similarly, a Gauss phrase on A is a phrase on A such that 
the concatenation of the words appearing in the phrase is a Gauss word on A. By 
definition, a 1-component Gauss phrase is a Gauss word. 

A nanowrod over a is a pair (A, w) where A is an a-alphabet and w is a Gauss 
word on A. An n-component nanophrase over a is a pair (A,p) where A is an 
a-alphabet and p is an n-component Gauss phrase on A. 

Two nanophrases over a, (Ai,pi) and (A2,P2), are isomorphic if there exists a 
bijection / from A\ to A2 such that / applied letterwise to the ith component of 
Pi gives the ith component of P2 for all i. 

Rather than writing (A, p) , we will simply use p to indicate a nanophrase. When 
we write a nanophrase in this way, we do not forget the set A of letters and the 
projection : A — > a. 

2.3. Equivalence relations on nanophrases. Fix a and then let r be an in- 
volution on a (that is, T(r(a)) is equal to a for all a 6 a). Let S be a subset of 
a x a x a. We call the triple (a, r, S) a homotopy data. 
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Fixing a homotopy data (a, r, S), we define three homotopy moves on nanophrases 
over a as follows. In the moves on nanophrases, the lower cases x, y, z and t rep- 
resent arbitrary sequences of letters, possibly including one or more '|', so that the 
phrase on each side of the move is a nanophrase. The moves are 
move HI: for any \A\, 

{A, xAAy) <— ► (A-{A},xy) 
move H2: if t(|A|) = \B\, 

(A, xAByBAz) < — > (A - {A, B}, xyz) 
moveH3: if (L4|, \B\, |C|) G S, 

(A, xAByACzBCt) < — > {A, xB AyC AzC Bt) . 




Figure 1. HI Figure 2. H2 Figure 3. H3 

The homotopy is an equivalence relation on nanophrases over a generated by 
isomorphisms and three homotopy moves. The homotopy depends on the choice 
of the homotopy data (a, r, S), so different choices of homotopy data give different 
equivalence relations. As none of the moves add or remove components, the number 
of components of a nanophrase is an invariant under any kind of homotopy. 

In [9], Turaev defined a shift move on nanophrases. Let v be an involution on 
a which is independent of r. Let p be an n-component nanophrase over a. A shift 
move on the zth component of p is a move which gives a new nanophrase p' as 
follows. If the ith component of p is empty or contains a single letter, p' is p. If 
not, the ith component of p has the form Ax. Then the ith component of p' is 
xA and for all j not equal to i, the jth component of p' is the same as the jth 
component of p. Furthermore, if we write \A\ V for \A\ in p and \A\ V * for \A\ in p' , 
then \A\ p i equals z/(|A| p ) when x contains the letter A and otherwise, \A\ p > equals 

\A\v 

We call the equivalence relation generated by isomorphisms, homotopy moves 
and shift moves also a homotopy of nanophrases over a. We call the first homotopy 
without shift moves an open homotopy and the second homotopy simply a homotopy. 
The homotopy depends on the triple (a, r, S) and v. 

Let a v be the set {a + , a_, 6 + , &_} and t v the involution on a v which sends a + 
to 6_ and a_ to b + . Let S v be the set 

i(a + ,a+,a+), (a+,a+,a_), (a + ,a_,a_), "| 
(a_,a_,a_), (a_,a_,a + ), (a_,a + ,a + ), I 

In [5] , Turaev proved 

Theorem 2.1 (Turaev [Hj). (i)The set of homotopy classes of nanowords over a v 
under the open homotopy with respect to (a v ,T v , S v ) is in bijective correspondence 
with open virtual knots. Also under the same homotopy data, the set of homotopy 
classes of nanophrases over a v is in bijective correspondence with the set of stable 
equivalence classes of ordered pointed link diagrams on oriented surfaces. 

(ii)Let v v be the involution on a v where a + is mapped to 6+ and a_ to 6_. 
Under the homotopy defined by (a v ,T v , S v ) and v v , the set of homotopy classes 
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of nanophrases over a v is in bijective correspondence with ordered virtual links 
(namely, virtual links where the components are ordered and the equivalence of 
ordered virtual links respects the order). 

3. p, INVARIANTS OF NANOPHRASES 

In this section, we introduce a self crossing move on nanophrases and a new 
weak homotopy, which we call the M-homotopy, by allowing self crossing moves. 
Consider the set of equivalence classes of nanophrases corresponding to ordered 
virtual links, that is equivalence classes of nanophrases defined by (a v , t v , S v ) and 
v v . We define a M-homotopy invariant of nanophrases corresponding to ordered 
virtual links. This invariant is an extension of p, invariants introduced by Milnor in 

mm- 

3.1. Self crossing and M-homotopy. Let (a, r, S) be any homotopy data and 
v an involution on a independent of t. We introduce the self crossing move on 
nanophrases over a. Let a be an involution on a which is independent of t and 
v. Let p be an n-component nanophrase over a. A self crossing move on the kth 
component of p is a move which gives a new nanophrase p' as follows. If there is a 
letter A in A which appears exactly twice in the kth component of p, then the kth 
component of p has the form xAyAz. Then the kth. component of p' also has the 
form xAyAz. Furthermore, writing \A\ p for \A\ in p and \A\ p i for |j4| in p' , we have 
the identity \A\ P > = o-(\A\ p ). 

We define the open M-homotopy to be the equivalence relation on nanophrases 
over a generated by isomorphisms, three homotopy moves with respect to (a, r, S) 
and self crossing moves with respect to a. We also define the M-homotopy to be 
the equivalence relation of nanophrases over a generated by isomorphisms, three 
homotopy moves with respect to (a, r, S), self crossing moves with respect to a and 
shift moves with respect to v. 

We introduce an example. The linking matrix of a nanophrase was first defined 
by Fukunaga [5] for some special S and by Gibson [3] in general. It is an invariant 
under any kind of homotopy of nanophrases. We recall the definition here. First 
of all, let 7r be the abelian group generated by elements in a with the relations 
a + r(a) = for all a in a. In |2J, ir is written multiplicatively, but here we will 
write it additively. For an n-component nanophrase p, the linking matrix of p is 
defined as follows. Let Aij (p) be the set of letters which have one occurrence in the 
jth component of p and the other occurrence in the jth component of p. Let la (p) 
be 0, and when j is not equal to i, let hj(p) be 

h J ( P )= £ L4|. 
AeA i:i (p) 

Let the linking matrix L(jp) be the symmetric n x n matrix given by Zjj(p)'s. It is 
easy to see that the linking matrix of nanophrases is a homotopy and M-homotopy 
invariant of nanophrases. 

3.2. Definition of p. From now on, we work only on the homotopy defined by 
(a v ,T v , S v ), v v and a v which sends a+ to a_ and 6+ to 6_. 

Let (A, p) be an n-component nanophrase whose Gauss phrase p is represented by 
u>i|u>2| ■ • • \w n . We will write p for (A,p) for simplicity. Let Wi be AnAi2 ■ ■ ■ Ai mi , 
where Ay's are letters in A. To each «;,-, we define a word on A U A^ 1 by 

— A £il A Ei2 ■ ■ ■ A Simi 

where is determined as follows. Since p is a nanophrase, any letter appears 
exactly twice in a Gauss phrase ]tt?2 1 ' • • \ w-n- Let A denote the letter represented 
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by Aij. Then there exist integers k and I ((k,l) ^ («,.?)) such that Af~i represents 
A. In other words, the other A appears as the Zth letter on the fcth component. If 
i < k and \A\ = b + or i > k and \A\ = a+, then =1. If i < k and \A\ = a_ 
or i > k and \A\ = then = —1. Otherwise, Sij = 0. Namely, if the letter 
A appears exactly once in the ith component, and if A^ appears earlier (or latter) 
than the other A and \A\ = b + (oi a+), then is 1. HA appears exactly once 
in the ith component, and if A^ appears earlier (or latter) than the other A and 
\A\ = a_(or &_), then is — 1. For other cases, let Sij be zero. In the following, 
we use the convention that A = and (A 1 A 2 ■ ■ ■ A n y x = A~ x A7 n \ ■ ■ ■ A^ 1 . We 
note that AA^ 1 ^ 0. 

Let C denote the set of words on AUi -1 . Then we define a sequence of maps 
p q (q = 2, 3, • ■ • ) from C to itself by induction on q. 



p 2 (4) = 4 

P '*(At j )=pi-\x7 j 1 )At j pi-\x ij ), q>3 
p 9 (0)=0for all q > 2, 



where 

Here, k and I are derived from i and j as in the above. We naturally extend p q to 
C. We will concern exclusively with p q (wf). 

Example 3.1. Consider a nanophrase p = AB\CDB\DEA\FFCE where |A| = 
|S| = \C\ = b+, \D\ = b-, \E\ = \F\ = a_. Then 

p 2 (wl) = AB, p 2 {wl) = C, p 2 {wl) - D- l E-\ p 2 (wi) = 0. 

p 3 (wl) = EDAD- 1 E- 1 C~ 1 BC, p 3 (w E 2 ) = C, 

p 3 (w e 3 ) = C^D^CE- 1 , p 3 (wl) = 0. 

p 4 K) = EC- 1 DCAC- 1 D- 1 CE- 1 C- 1 BC, p 4 (w £ 2 ) = C, 

p i {wl) = C^D^CE- 1 , p i {w%) = 0. 



Recall that p = Wi\w2 \ • ■ • \w n is an n-component nanophrase. We call the index 
i of a component Wi the order of Wi. Let M denote a finite set {a\, . . . , a n }. Let 
M. denote the set of words on M U M _1 . Using a nanophrase property of p, we 
define a map r\ from £ to M as follows. For any letter A in A, let rj(A) be at and 
rj{A^ x ) a^ 1 , where k is determined by the following rule. If \A\ = b+ or a—, then 
k is the order of the component in p in which the second A occurs, and if \A\ = a+ 
or 6—, then k is the order of the component in p in which the first A occurs. To 
see what k is for a letter in Wi, let us recall the definition of wf. The letter A in 
Wi survives in wf only when either \A\ = b + or a_ and the other A appears in 
latter component, or \A\ = a + or b^ and the other appears in former component. 
Thus, if A is represented by A^ and ^ 0, then k is the number appeared in the 
definition of s^, namely, the order of the component in which the other A occurs. 
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Example 3.2. Consider a nanophrase p = AB\CDB\DEA\FFCE where |A| = 
\B\ = \C\ = b+, \D\ = 6_, \E\ = \F\ = a_ ( example I3~T|) . Then we have 

V(p 2 (wl)) = a 3 a 2 , v(p 2 (™ 2 )) = 04, v{p 2 (w £ 3 )) = a^a^ 1 , n{p 2 {w%)) = 0- 

r](p 3 (w E 1 )) = a i a 2 a 3 a 2 1 a^ 1 a^ 1 a 2 a 4: , i](p 3 (w 2 )) = a>i, 

V(p 3 (w £ 3 )) = a^a^a^ 1 , v(p 3 «)) = 0- 

7?(p 4 («;f )) = a^a^ a^a^a^a^ a^a^ a~l a-^a^ v(.P 4 (. w 2)) = a 4j 
^(/(^D) = a4 1 a 2 " 1 a 4 a 4 : \ ^(p 4 «)) = 0. 



We define a map ip from .M to 1[[k,\, k 2 , . . . , K n ]] by 

¥>(afc) = 1 + 

^(a^ 1 ) = l-/c fc + /s^-«|H , 

where Z[[/«i, K2, . . . , re n ]] is the ring of formal power series on non-commuting vari- 
ables K\, K2i ■ ■ ■ , K n . 

We consider ip o rj(p q (wf)) in Z[[ki, «2, . . . , re n ]]. Since ip o r](p q (wf)) agrees with 
95 o r)(p r (wf)) for any r > q up to degree q, the coefficient of a term k Ci k C2 . . . k Cu 
in iy9 o n(p q (wf)) converges as q — > oo. Thus we have a well-defined expansion, 

lim iporj{p q {w e i )) = l+} u(p;ci,c 2 ,...,c u ,i)K cl K C3 ■•■k c „. 

q— >oo ^ — » 

where Ci, C2, . . . , c«, i is a sequence of integers between 1 and n. We here note that 
the integers in the sequence are not necessarily mutually different. 

Let A(p; c%, c 2 , . . . , c u , i) denote the greatest common divisor of p(p; di, d 2 , . . . , dt), 
where the sequence di,d2, • • • ,<h (2 < t < u) ranges over all sequences obtained 
by eliminating at least one of c\, c 2 , ■ ■ ■ , c u , i, and permuting the remaining indices 
cyclically. We also define A(p; c%, i) = 0. Let p(p; ci,c 2 , . . . , c u , i) denote the residue 
class of p,(p; ci,c 2 , . . . ,c u ,i) modulo A(p; ci,c 2 , . . . ,c u ,i). 

The main theorem of this paper is as follows. 

Theorem 3.3. Let p be 0,7% n-coTupoTient no,TiophrQ,se. Let ci , C2, ■ • ■ , c u , i be a 
sequence of integers between 1 and n such that c\,c 2 , . . . ,c u ,i are pairwise distinct. 
Then p(p; c\, c 2 , . . . , c u , i) is an invariant under M -homotopy of nanophrases with 
respect to (a v ,T v , S v ), v v anda v . 

Proposition 16.11 16.21 16.31 16.41 and 17.41 will imply the proof. 

4. Example 

Example 4.1. Let p = ABCD\ECFA\DFBE where \A\ = \E\ = b+, \B\ = b-, 
\C\ = \F\ = a— and \D\ = a+. This corresponds to the Borromean rings illustrated 
in Fig. |U Then since wf = AC' 1 , 

P 2 {w\)=AC- 1 

p 3 (wl) = FE- 1 AEF- 1 E- 1 C- 1 E. 

Thus we have 

v{p 2 {w\)) = a 2 a 2 x 

r](p 3 (wl)) = a 3 Og 1 a 2 a 3 a^ 1 a^ 1 a 2 1 a 3 . 

Therefore /x(2, 1) = ^(3, 1) = and /i(2,3, 1) = -1. Similarly ^(1,2) = p(l,3) = 
fx(2, 3) = /i(3, 2) = and so A(2, 3, 1) = 0. Hence p(2, 3, 1) = -1 (mod 0). 
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Figure 4. 



Example 4.2. Let p = A X B X A 2 B 2 ■ . ■ A n B n \A 1 B 1 A 2 B 2 ■ ■ . A n B n where \AA = b+ 
and \Bj\ = a+. This corresponds to the (2n, 2) torus link illustrated in Fig. [SJ 
Then since lof = A\ . . . A n and «/§ = B± . . . B n , 

ri(p 2 (w{)) = a 2 ...a 2 

V(P 2 ( W 2)) = a 1 ...a 1 . 

Therefore /i(2, 1) = n and 2) = n, and so /2(2, 1) = n and /2(1, 2) = n. 



Example 4.3. Let p = . . . A n \A\A 2 . . . A n where \Aj\ = b+. This corresponds 

to the virtual link illustrated in Fig. [5] Then since wf = A\ . . . A n and w 2 = 0, 



Therefore |Li(2, 1) = n and 2) = 0, and so /i(2, 1) = n and 2) = 0. 



Example 4.4. Let p = AB \ FBCDAE \DC\ EF where \A\ = \B\ = \E\ = b+, \C\ = 
6—, \D\ = a— and \F\ = a+. This corresponds to the link illustrated in Fig. [71 
Then since w\ — AB, 




Figure 5. 



r)(p 2 (wl)) =a 2 ...a 2 




Figure 6. 



P 2 K) = AB 
p 3 (wl) = DAD~ 1 B. 
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Thus we have 

7 1{P 2 { W D) = a 2Cl2 

rj(p 3 (wl)) = a 3 a 2 aj 1 a 2 . 

Therefore n(2,l) = 2, /l*(3, 1) = 0, ^(2,3,1) = -1 and /i(3,2,l) = 1. Similarly 
w\ = D~ 1 E and w| = C" 1 . Thus we have 

Vip 2 ^)) = a 3 ~ 1 a 4 

v(p 2 (™l)) = aj 1 . 

Therefore /i(l,2) = 0, /i(3,2) = -1, p(l,3) = and /i(2,3) = -1. So we have 
A(2, 3, 1) = A(3, 2, 1) = 1. As a result, /2(2, 3, 1) = /2(3, 2, 1) = (mod 1). 




Figure 7. 



Example 4.5. Let p = ASCDlCAEFSCI^F^ where |A| = \C\ = \F\ = a+, 
\B\ = \D\ = \E\ = b+. This corresponds to the link illustrated in Fig. [SJ Then 
since w\ = BD, 

p 2 {w\) = BD 

p 3 (wl) = E^A^BAED. 

Thus we have 

7 1{P 2 { W \)) = a 20.2 

T](p 3 (wl)) = a^ 1 a^ 1 a 2 aia 3 a 2 . 

Therefore fi(2, 1) = 2, ^(3,1) = and ^(2,3,1) = 1. Similarly w £ 2 = AEC and 
Wg = F. Thus we have 

Vip 2 ^)) = aia 3 ai 
V{p 2 {wt))=a 2 . 

Therefore ji(l,2) = 2, /i(3,2) = 1, ^(1,3) = and /i(2,3) = 1. So we have 
A(2, 3, 1) = 1. As a result, /2(2, 3, 1) = (mod 1). 




Figure 8. 

Example 14.51 made us wonder if there is something missing in the proof of ho- 
motopy invariance of /2-invariant in Dye and Kauffman [1]. 

In fact, Example 14.51 exhibits an example of a classical link where their p, depends 
on the choice of base points. If we choose a base point so that p in Example l4.5l is the 
corresponding phrase, then their /x(p; 2, 1) = 2, p{p; 3, 1) = and p(p; 2, 3, 1) = 1, 
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and therefore their p(p; 2, 3,1) = 1 mod 2. On the other hand, if we replace 
the base point of the second component so that the corresponding new phrase is 
p' = ABC D\F BC D AE\EF\% as in Fig. [S then their /Lt(p'; 2, 1) = 2, 3, 1) = 
and p(p'; 2, 3, 1) = 0, and hence we have their p,(p'; 2, 3, 1) = mod 2. 




Figure 9. 

Example 14.51 exhibits an example of a classical link where the indeterminacy A 
depends on the choice of the base point. If we choose a base point so that p in Ex- 
ample |4~51 is the corresponding phrase, then their /x(p;2,3, 1) = 1 and in particular 
A(p; 2, 3, 4, 1) = 1. On the other hand, if we replace the base point of the second 
component so that the corresponding new phrase is p' = ABCD\FBCDAE\EF\(li, 
then their fi(p';2,l) = 2, p,(p';3,l) = /i(p';4,l) = ^(p';2,3,l) = fi(p';3,2,l) = 
p(p'- 2,4,1) = n(p'; 4, 2,1) = ^(p';3,4, 1) = /x(p';4,3, 1) = 0, and hence we have 
their A(p'; 2, 3, 4, 1) = 2. 

We should comment also that Dye and Kauffman's p, differs from Milnor's in some 
classical case. Let L be the link illustrated in Fig. [TO] By Dye and Kauffman's 
definition, /x(l, 3) = /u(2, 3) = and hence A(l,2,3) = 0, and therefore their 
/2(1,2,3) = mod 0. On the other hand, Milnor's A(l,2,3) = 1 for L, and 
therefore his p,(l, 2, 3) = mod 1. 




Cl a 2 «3 



Figure 10. 



5. Preliminaries to the proof of invariance 

It is sufficient to prove that for any two nanophrases p and p' related by ei- 
ther isomorphisms, HI moves, H2 moves, H3 moves, shift moves or self cross- 
ing moves, for each sequence c±, C2, . . . , c u ,i of distinct integers between 1 and n, 
p,(p; ci, C2, . . . , Cu, i) is equal to p,(p'; c±, c%, . . . , Cu, i). It is easy to see that this holds 
for an isomorphism. To show the invariance under the other moves we prepare 
graphs. 

Given a nanophrase p = W\\w2 \ • • • \w n , we defined its signed ith component 
wf = AH 1 AI2 ■ ■ ■ A^ in the previous section. 

We will construct a sequence of rooted trees = (p) = T\. . (p) for each A^ 3 
and a sequence of forests F? = F^(p) by assembling T^ 's, where q is the integer 
associated with the expanding word p q (A 6 i j J ) of A e ^ . To do this, recall how we 
defined p q {A^ 3 ) from p q ^ 1 (A e i j 3 ). Since the operation of p q on p 9 ~ 1 (A^ J ) is to 
insert several words in p q ~ x (A^ 3 ), p q ~ 1 (A E i j 3 ) is obtained from p q (Alj 3 ) by deleting 
some subwords. If we denote this inclusive relation by <, we have a natural inclusion 
of words, 

p>{A^)< p 3{A^)<-.-<p q {A^) 
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Then, we assign two natural numbers to each letter in the word p q {A\f). One is the 
depth. To each letter in p q (A 6 j J ), we assign the depth d if it appears in p d+2 \A\^ ) 
but not in p d+1 (A^ 3 ) . The depth is an intrinsic invariant for a letter in p q '{AS? ') 
independent from q. The other is its location in p q (A £ j : '). We assign an integer 
g to the gth letter in p q (A £ i '- J ). Note that the location g depends on q. Also g 
distinguishes vertices in . We now define an increasing sequence of rooted trees, 

(1) I^C7g.C-C3?.C- 

The vertices of Tfj consists of letters in p q (A £ j J ). To each vertex, we assign its 
depth. We join two vertices v and w by a directed edge from v to w if the depth 
d of v is equal to the depth of w minus 1 and moreover w is a letter appeared in 
p 3 (v) but not in p 2 (v). Thus we get a sequence of rooted trees §Q based on the 
letter A e "? in wf. The root of each tree is represented uniquely by A £t - J of depth 0. 

For further discussion, we assign a label to each vertices in T q ^ . It is a quadruple 
consisting of the location g of the letter in p q (A £ 'j 3 ) where the letter in question 
appears as the gth letter, its letter in A without a sign e, the index k of its image 
under 77, and the sign e of its letter. If we regard as a labeled rooted tree, 
then, the vertices can be distinguished by the first factor. On the other hand, the 
inclusive relation in (TTJ) still dose make sense if we ignore the first factor of the 
labels. 

We now denote the forest by labeled rooted trees TJ?.(p)'s by F q (p), where j 
ranges between 1 and m*. Note that F q {p) contains m, roots of depth 0. 

Example 5.1. Consider the nanophrase p = AB\CDB\DEA\FFCE where \A\ = 
\B\ = \C\ = b+, \D\ = b-, \E\ = \F\ = a_ ( example ETT|t . Then we have 

p 2 (w\) = AB, p 3 (wl) = EDAD- X E- X C- X BC, 

/9 4 K) = EC- l DCAC- l D- l CE- l C- l BC, 

rj{p A {w\)) = a^a^ 1 02040304 1 a^ 1 a^a^ 1 a^ 1 a^a^. 

Then Ff(p) is the following forest. 



(5, A, 3,1) (11, B, 2,1) 




(2, C, 4,-1) (4, C, 4, 1) (6, C, 4,-1) (8, C, 4, 1) 



Let F be a forest by rooted trees with labels in N x A x {1,2,-- - , n} x {±1} 
such that vertices of each forest can be distinguished by the first factor of the label. 
Then, for any sequence ci, C2, ■ • • , c u of pairwise different integers between 1 and n, 
let S(F, ci, • ■ ■ , Cy) be the set of subforests of F satisfying the following conditions: 

(1) Each member of S{F, c\, C2, ■ ■ • , c u ) has u vertices. 

(2) If their first factors are labeled by d\, efo, • ■ • ,d u such that d\ < d2 < ■ ■ ■ < 
d u , then the third factor of the vertex labeled by dj is Cj. 

(3) Each component contains a root. 

We then define sets S e (F, ci, • • • , c u ) and S a (F, c\, ■ ■ ■ ,c u ) as follows. For any se- 
quence ci , C2 , • • • , Cu of pairwise different integers between 1 and n, let S e (F, c\ , ■ ■ ■ , c u ) 
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and S (F, c±, • ■ • , c u ) be subsets of S(F, c%, ■ ■ ■ , c u ) which consists of subforests for 
which the cardinality of the vertices with £j = — 1 is even or odd respectively. Note 
that £j is the sign of the forth factor. Also note that we have the identity 

S(F,C!, ■■ ■ ,Cu) = S (F,a, ■ ■ ■ ,c u ) U(S e (F, ci, • ■ • , c„). 

Example 5.2. Consider the nanophrase AB\CDB\DEA\FFCE where |A| = \B\ = 
\C\ = b+,\D\ = b-,\E\ = \F\ = a_ (example Ell]). Then we have the following 
where we note that we write only the first factor of the label. 



5(Lf,3,2,4) = 




5 11 



S c (Lt 3,2,4) = 



12 



5 (Lf,3,2,4) = 




Lemma 5.3. If the indices c\, Ca, . . . , Cu are pairwise distinct, then for any i 
and q the coefficient of n Cl ■ ■ ■ n Cu in ip o rj(p q (wl)) is equal to the cardinality of 
S e (F^,ci, ...,c u ) minus the cardinality of S {Ff , ci, ...,c u ). 

Proof. We consider the coefficient of K C1 ■ ■ ■ n Cu in tp o n(p q (w e i )). ip o T](p q (wf)) is 
the product of some elements of the form (1 + k c ) and (1 — Kd + ^<i 2 — Kd 3 + ■ ■ ■ ) 
in Z[[ki, K2, ■ ■ ■ , kJ], where 1 < c, d < n. Let £7 denote the set of all power series 
^2 A(ei, 62, . . . , e lJ )K ei K e2 . . . K en in Z[[ki, K2, . . . , K n ]] such that at least two indices 
in {ei, e2, ■ ■ ■ e v } coincide. It is easy to see that E is a two-sided ideal. Since the 
indices c\, ci, ■ ■ ■ , c u are pairwise distinct by assumption, it is sufficient to consider 
the coefficient of k Ci ■ ■ ■ k Cu modulo E. Therefore we regard 1 — n + k 2 — k 3, + ■ ■ ■ as 
1 — k modulo E. On the other hand, p q (wf ) is the product of p q (A E i j J ) (1 < j < mi). 
Moreover by the definition of p, 

p q {A^) = p q ^(x^)A^p q ^(x lj ). 

Then the letter with depth in p q (A £ i 1 f ) is only A^f (1 < j < rrij) in the right hand 
of this identity. Let rj(Aij) = a ej , 

tp o r](A e y ) = 1 + £ij K ej (mod E) . 

In addition, let yj denote tp o r](p q ~ 1 (xij ;)). Then 

(2) 

tp O n{p q {wl)) = + e»l«ei)2/l ■ y^^ 1 + £i2K e2 )V2 • • -2/mK 1 + e W7K«e mi )2/TOi 

(mod £7). 

First of all, we expand all the factor (1 + SijK ej ) in (|2J|. Then since the number 
of letters with depth is jri;, ©is expanded into the 2 mi terms. Secondly, to 
each terms we cancel out y~ 1 lyj for any j. We repeat these two steps according 
to depths. Then it follows from how to expand the expression and how expansion 
constructs the forest F? that there exists the natural bijection between terms in 
this expansion and subforests of F?, where each component contains a root. The 
coefficient of each term in this expanded expression is ±1. On the other hand, for 
each term in this expansion, we consider the vertices of the subforest corresponding 
to it. The number of vertices with —1 as the forth factor of the labels modulo 2 
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corresponds to the coefficient of the term in this expansion. If the number of this 
vertices is even (odd), then the coefficient is I (— 1, respectively). Therefore 

the coefficient of n Cl ■ • ■ k Cu in cp o rj(p q (wf)) 

= #Se(F?,ci, ...,c u )- #S (F?,ci, . . . ,c u ). 

□ 

Example 5.4. Consider a nanophrase p = AB\CDB\DEA\FFCE where |A| = 
\B\ = \C\ = b+, \D\ = \E\ = &_, |F| = a_ (example EU). Then we have 

V(P 3 ( W 3)) ^a^ 1 a2 1 a 4 a^ 1 , 

tp O T](p 3 (w E 3 )) = (I - K 4 + K 2 4 )(1 - «2 + «| )(1 + Ki)(l - Ki + K\ )• 

Therefore 

ipo V (p 3 (w e 3 )) 

(3) =(1-k 4 )(1-k 2 )(1 + k 4 )(1-k 4 ) (modE) 

= (I - K 4 )l(l + «4)1 + (1 - «4)1(1 + «4)(-«4) 

(4) 

+ (1 - K 4 )(-«2)(l + «4)1 + (1 - K4)(-«a)(l + «4)(-«4) 
(5) =l-K 4 + (l-K 4 )(-«2)(l + K4) + (l-K4)(-«2)(l + «4)(-K4) (mod £7) 
= 1 — K 4 + f-«2 - « 2 K 4 + K 4 K 2 + K 4 K 2 K 4 ~) 

(6) 

+ I K 2 K 4 + K2K4K4 — K4K2K4 — K4K2K4K4 I . 

where for ([3]), expanding the terms corresponding to letters with depth 0, we obtain 
Q. Moreover for ((J]), simplifying the expansion by canceling out them we obtain 
(0. In addition to (jSJ), expanding the terms corresponding to letters with depth 1, 
we obtain ([6]). We note that the coefficient of terms in ([6]) is ±1. 
Here we have 




On the other hand, (JBJ) corresponds 
that we write only the first factor of th 




o the subforests as follows where we note 
label. 




Then, for example, the sum of the coefficient of k 2 k 4 in © is 0. On the other 
hand, since #S C (F? , a,...,c u ) and #S Q (F? , c\, . . . , c u ) are 1, 

#S e (F? , d, . . . , - #S (F?, ci, ■ ■ ■ , c u ) = 
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6. Proof of invariance for H1,H2,H3 and self crossing moves 

Proposition 6.1. If the indices C\, C2, . . . , c u , i are a sequence of integers between 
1 and n, then /z(p; c\, . . . , c u , i) — ^(p'\ c\, . . . ,c u ,i) if p and p' are related by HI 
move. 

Proof. Let p' be w'llw^l ' " ' \ w ' n - Suppose p = xAAy and p' = xy. The letter A 
appears twice in a certain component. It follows from the definition of p q (wf) that 
the letter A is not contained in p q (wf) and thus does not affect p q (wf). Thus p q (wf) 
is equal to p q (w' i £ ), and so for any sequence C\,C2, ■ . ■ , c u , i, p(p; c\, c 2 , . . . , c u , i) is 
equal to p,(p';ci,c 2 , ... ,c u ,i). □ 

Proposition 6.2. If the indices Ci,c%, . . . , c u , i are a sequence of integers between 
1 and n, then p,(p; c\, . . . , c u , i) = p(p'; ci, . . . , c u ,i) if p and p' are related by H2 
move. 

Proof. Suppose p = xAByBAz, where |^4| is equal to r„(|B|) and p' = xyz. Wc 
need to consider the following two cases. 

Case 1: The subwords AB and BA appear in a certain component. 

(i.e. p is a nanophrase of the form ...\...AB ...BA...\... ) 
Case 2: The subwords AB and BA appear in different components. 

(i.e. p is a nanophrase of the form ...\...AB...\...\...BA...\... ) 

Casel: The letter A and B appear twice in a certain component. It follows from 
the definition of p q (w £ i ) that the letters A and B are not contained in p q (wf) and 
thus do not affect p q (wf). Thus p q (wf) is equal to p q (w' i £ ), and p,(p; c\, . . . ,c u ,i) is 
equal to p(p' ; C\, . . . , c u , i). 

Case2: Let h be the order of the component in which the subword AB occurs, 
k the order of the component in which the subword BA occurs. We show that 
<pon(p q (wf)) is equal to ip o rj(p q (w'/)). We suppose that \A\ = b+, then \B\ = o_. 
(We can show the others cases in the same way.) Then the sign of A in hth 
component is 1 and the sign of B in hth component — 1. Moreover, the signs of A and 
B in fcth component are 0, and they do not appear directly in p q (wf). Since A and 
B in hth component are adjacent and their signs are ±1, cither p q (w' i e ) — p q (wf) 
when p r (wf) contains neither subwords AB~ X nor BA' 1 for any r (2 < r < q), or 
p q {w' i e ) is obtained from p q (wf) by deleting subwords p r (AB~ 1 ) and p r (BA~ 1 ) for 
some 2 < r < q. Since A and B in fcth component are adjacent and their signs are 
0, 

P^AB- 1 ) = p r (A)p r (B- 1 ) 

= p r - 1 (B Q x- 1 )Ap r - 1 (xB )p r -\x- 1 )B- 1 p r - 1 (x) 
= p r - 1 {x- 1 )Ap r - 1 {x)p r - 1 {x- 1 )B- 1 p r -Hx). 
By r](A) = a k and 7?(S _1 ) = a^ 1 , 

vip^AB- 1 )) = r ! (p r -\x- 1 )Ap r -\x)p r - 1 (x- 1 )B- 1 p r - 1 (x)) 

= V (p r -\x- 1 ))a kV (p r - 1 (x)Mp r - 1 (x- 1 ))a^ V (p r - 1 (x)). 

Therefore 

<po V (p r (AB- 1 )) = l. 

Similarly <p o n(p r (BA^ 1 )) = 1. Therefore <p o r](p q (wf)) is equal to ip o i](p q (w' i £ )). 
Thus p(p; ci, . . . , c u , i) is equal to p(p'; Ci, . . . , c u , i). □ 

Proposition 6.3. If the indices ci, C2, . . . , c u , i are pairwise distinct integers be- 
tween 1 and n, then p(p; c\, . . . , c u , i) = p(p'; Ci, . . . ,c u ,i) if p and p' are related by 
H3 move. 
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Proof. Suppose p — xAByACzBCt, where (\A\, \B\, |C|) is an element of S and 
p' = xBAyCAzBCt. Moreover we suppose that \A\ = \B\ = \C\ = b + . (We can 
show the others cases in the same way.) We need to consider the following four 
cases. 

Case 1: The subwords AB, AC and BC appear in a certain component. 

(i.e. p is a nanophrase of the form ...\...AB...AC...BC...\... ) 
Case 2: The subwords AB and AC appear in a certain component, but the 

subword BC does not appear in that component. 

(i.e. p is a nanophrase of the form ...\...AB ...AC...\...\...BC...\... ) 
Case 3: The subwords AC and BC appear in a certain component, but the 

subword AB does not appear in that component. 

(i.e. p is a nanophrase of the form ...\...AB...\...\...AC...BC...\... ) 
Case 4: The subwords AB, AC and BC appear in three different components. 

(i.e. p is a nanophrase of the form ...\...AB...\...\...AC...\...\...BC...\...) 

Casel: The letters A, B and C appear twice in a component and hence it does 
not affect p q (wf) and p q {w' i e ). Thus p q (wf) is equal to p q {w' i e ). 

Case2: The letter A appears twice in a component and hence it does not affect 
p q (wl). Since in the component which contains the subword BC the letters B and 
C are adjacent and the sign associated with these letters are 0, they do not appear 
directly in p q (wf). Thus p q (wf) is equal to p q {w' i e ). 

Case3: Let h be the order of the component in which the subword AB occurs, k 
the order of the component in which the subwords AC and BC occur. By the same 
reason as in Case 1, the letter C does not affect p q (wf) and p q (w' i £ ). We divide the 
proof into the following two cases. 

Case 3-1: i = k 
Case 3-2: i ^ k 

Case 3-1: Consider the subgraph F (J 7 ", respectively) of F q (p) (F^(p') 7 respec- 
tively) induced by the set of vertices obtained by deleting the vertices labeled by 
k and their descendants. If we ignore the first factor of the labels, then the sub- 
graphs F and F' are isomorphic as forests by labeled rooted trees. Since i = k, 
k ^ {ci, ...,c u } by assumption. So the cardinality of S e (Fi(p),Ci, . . . ,c u ) is equal 
to the cardinality of S e (F, ci, . . . , c u ), and the same identity holds for F?(p') and 
F' as well. It follows from lemma f5~51 that 

^(p;ci,...,c„,fc) = #S c (F q (p),a,...,c u ) -#S (F*(p),ci,...,c„) 

= #S e (F,a,...,c u ) -#5 (F,ci,...,c„) 

= #S c (F',ci,...,c n ) - #5 (F',ci, . . . ,Cu) 

= #S c (F q (p'), ci, . . . , c u ) - #S (F q (p'),c u . . . , c„) 

= p(p';ci,...,c u ,k). 

Case 3-2: If k ^ {ci, . . . ,c u }, it follows from the same reason as in case 3-1 
that p,(p) = p{p')- Let k £ {ci, . . . , c u }. We divide S{F q {p),c\, . . . , c u ) into three 
groups according to whether it contains a vertex labeled by A or B or not. Let 
Q e ,A(p) denote the set of elements of S e (F q (p), c\, . . . , c u ) whose vertices do not 
have A as the second factor of the labels. Let Q e ,B{p) denote the set of elements 
of S c (F q (p),ci, . . . ,c„) whose vertices do not have B as the second factor of the 
labels. Let G e (p) denote the set of elements of S c (F q (p), ci, . . . , c u ) whose vertices 
labeled by neither A nor B. Similarly, we define Go,a{p), Go,b(p) and G (p)- Since 
rj{A) = rj{B) = a^, we have 

/x(p;ci, . . .,c u ,i) = #S e (F?(p), d,...,c u ) - #S a (F q {p),ci, ...,c u ) 

= #Ge,A(j>) - #GoAP) + #Ge, B ( P ) - #GoAp) ' (#&(?) ~ #Go{ P ))- 
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The above identity also holds if we replace p by p'. Consider the subgraph Fa (F' a , 
respectively) of Ff(p) (Ff(p r ), respectively) induced the set of vertices obtained by 
deleting every vertices labeled by A and their descendants. Similarly, consider the 
subgraph Fb {F b , respectively) of F^(jp) (F?(p'), respectively) induced by the set 
of vertices obtained by deleting every vertices labeled by B and their descendants. 
Similarly, consider the subgraph F (F' , respectively) of Ff{p) (Ff(p'), respectively) 
induced by the set of vertices obtained by deleting every vertices labeled by either 
A or B and their descendants. Then we have 

Ge,A(p) = S c (F A ,a, . . . ,c u ) 

and so on. If we ignore the first factor of the labels, then Fa and F' A are isomorphic 
as forests by labeled rooted trees. Moreover Fb and F' B , and F and F' are also 
isomorphic. Therefore we have 

#S e (F A ,Ci, . . . ,c„) = #S e (F A ,cx, . . . , c„), 

#S c {Fb,ci, . . . , c u ) — #S e (F B ,cx, . . . , c„), 

#S e (F,cx,...,Cu) = #S e (F',ci,...,c u ), 

and so on. Thus ci, . . . , c„, i) is equal to fi(p'; ci, . . . , c u , i). 

Case 4: Let h be the order of the component in which the subword AB occurs, 
j the order of the component in which the subword AC occurs, and k the order 
of the component in which the subword BC occurs. We divide the proof into the 
following three cases. 

Case 4-1: i = j 
Case 4-2: i = k 
Case 4-3: i ^ j, k 

Case 4-1: Consider the subgraph of Fj(p) (Fj(p')) induced by the set of virtices 
obtained by deleting vertices labeled by A and their descendants. If we ignore 
the first factor of the labels, then they are isomorphic as forests by labeled rooted 
trees. Since j £ {ci, . . . ,c„} and r](A) — a,j, it follows from the case 3-1 that we 
have n(p;a,.. .,c u ,j) = (i(p';ci, . . .,c u ,j). 

Case 4-2: Consider the subgraph of F^(p) respectively) induced by 

the set of virtices obtained by deleting vertices labeled by B and C and their 
descendants. If we ignore the first factor of the label, then they are isomorphic as 
forests by labeled rooted trees. Since k ^ {ci, . . . , c u } and r)(B) = 77(C) = a^, we 
have n(p;ci,...,c u ,k) = n(p'; c%, . . . , c u , k). 

Case 4-3: We divide S{Ff(p),cx, . . . , c u ) into two groups according to whether it 
contains a vertex with A as a second factor of the labels or not. Let H 6i a(p) denote 
the set of elements of S e (F?(p), ci, . . . , c u ) whose vertices contain a vertex labeled 
by A. Let G e ,A(p) denote as before the set of elements of S e (F?(p), ci, . . . , c u ) whose 
vertices do not contain a vertex labeled by A. Similarly, we define % ,A and Q a ,A- 
Then we have 

/j(p;ci,.. .,c u ,i) = #S e (F?(p),C!,.. . ,c u ) - #S (F?(p), a, . . .,c u ) 

(7) = mieAv) - #Uo,a(p) + #Qe,A{p) - #QoAp)- 

Consider the right-hand side of the equality in ([7]). We denote the sum of first 
two terms by (01) and the last two terms by ([712). First of all, we consider (JJJ2). 
Consider the subgraph of F^(p) (Ffip 1 ), respectively) induced by the set of vertices 
obtained by deleting vertices labeled by A and their descendants. If we ignore the 
first factor of the label, then they are isomorphic as forests by labeled rooted trees. 
Therefore we have 



(8) 



mi) = #GeAp , )-#GoAp 1 )- 
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Secondly, we consider (JTJ 1) • Let Va denote the set of all vertices of a forest F?(p) 
labeled by A which does not have ancestor labeled by A. Fix an element u in Va- 
Then we consider the set of vertices obtained from vertices of F q (p) by deleting the 
following vertices. If the depth of v is q — 2, the vertices are all vertices of F q (p) 
labeled by A except v, their descendants and the vertex labeled by B paired with 
v, where it means that the vertex which has the same parent as v, has B as the 
second factor of the labels and has the same forth factor of the labels as v. If not, 
the vertices are all vertices of F q (p) labeled by A except v, their descendants and 
all vertices of depth q — 2 which are ancestors of the vertex labeled by B paired 
with v. Let F v denote the subgraph of F q (p) induced by them. Similarly V' A denote 
the set of all vertices of a forest F q {p') labeled by A which does not have ancestor 
labeled by A. There exists a natural bijection from Va to V' A . Fix the element v' in 
V' A to which the bijection maps v. Then let F' v , denote the subgraph of F q (p') as 
above. If the depth of v is q — 2, then it is easy to see that the subword of p q (wf) 
and p q {w' i e ) corresponding to -Fi, and F^, respectively are equal. If the depth of v 
is s < q — 2, then v 7 the vertex labeled by B paired with v and their descendants in 
F v correspond to the subword p q - s {A)p q - a - x {B) or p«- s - 1 (B- 1 )p«- a (A- 1 ). Then 
let 

(9) p q - s (A)p q - s - 1 (B) = p q - s - 1 {x- 1 )Ap q ~ s ^ 1 (x)p q - s - 1 (B). 

Moreover v' , the vertex labeled by B paired with v' and their descendants in F^, 
correspond to the subword p q - s - 1 (B)p q - s {A) or p q ~ s (A~ 1 )p q ~ s ~ 1 (B~ 1 ). Then we 
have 
(10) 

p q - s - 1 {B)p q - s {A) = p q - s - 1 {B)p q - s - 1 (C-^p't-^ix-^ApO-*- 1 {x)p q - s - 1 (C). 

Since rj(p r (B)) = rj{p r {C)) for any r, the image of © and pH|) under ip o 77 are 
equal. Similarly, the image of (fl-*- 1 (B- 1 )p*- s (A- 1 ) and p q ~ s (A- 1 )p q - s - 1 (B- 1 ) 
under <p o rj are equal. Therefore the image of the subword of p q (wf) corresponding 
to F v under ip o r\ is equal to the image of the subword of p q {w' i £ ) corresponding to 
F' v , under ip o rj. Thus we have 

d 1 )= E (#{G e S c (F q ( P ), Cl , . . . ,c u ) \ v eV(G)} 
vev A 

- #{G e S (F?(p), a, . . . , cu) I v g V(G)}) 
= ^ (#^o(^,ci, . . . ,c„) - #5 (F„,ci, . . . ,Cu)\ 

v£V A 

= E (#5e(^,Ci,...,C u )-#5 (^„Ci,...,C )) 

= E (#{Ge&(W),d,...,c u )|i/eV(G)} 

(11) V '^ V A 

- #{G G S (F q (p'), Cl , . . . , C) I v 1 G y(G)}) 
where V(G) is the set of vertices of G. Therefore we have 

© + d) = M(p / ;c 1 ,...,c»,i). 

□ 

Proposition 6.4. // f/ie indices c%, C2, . . . , c u , i are a sequence of integers between 
1 and n, then p(p; c\, . . . , c„, i) = /x(p'; ci, . . . , c„, i) if p and p' are related by self 
crossing move. 
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Proof. Suppose p — ...\...A...A...\..., and p' also has the same form. Furthermore, 
if we write \A\ p for |^4| in p and \A\ P * for \A\ in p', \A\ p > equals o^d^llp). Since A 
appear twice in a component, p q (wf) is equal to p q (w' i e ). □ 

7. Proof of invariance for shift move 

We will show that fi(p; c±, C2, . . . , c u , i) is invariant under the shift move by in- 
duction on u. We suppose that if for each u < q — 1 the indices ci, C2, ■ • • , c u ,i are 
pairwise distinct, then ^ijp] ci, C2, ■ • • , c U7 i) is invariant under M-homotopy. More- 
over we suppose that phrases p and p' are M-homotopic, then p,(p; c\, C2, • • • , Cu, i) 
is congruent to p>(p'; c\, C2, . . . , c u , i) for u < q—1. Therefore it follows from the defi- 
nition of A that A(p; ci, C2, . . . , c„, z) is congruent to A(p'; c\, c%, . . . , c u > i) for u < q. 
Let Df — D q {p) denote the set of all power series J2 K c i> C2, • • • , c u ) 
in Z[[«i, K2, . . . , k„]] whose coefficients satisfy 

v(ci,c 2 ,...,c u ) ee (mod A(p;ci,c 2 ,...,c„,i)) 

for all c\, C2, . . . , c u with u < q. (There is no restriction on v(cx, C2, ■ . ■ , Cy) for 
u > q.) 

Proposition 7.1 (Milnor [7]). Df is a two-sided ideal. 

Proof. In fact, if u(c%, C2, . . . , c u )k Ci k C2 ■ ■ ■ k Cu is a monomial in Df , and \nd 1 Kd 2 ■ ■ ■ K d t 
is an arbitrary monomial, then either u > q so that the product is trivial in Df , or 

^(ci,c 2 , . . . ,c„) =0 (mod A(p;ci,c 2 ,...,c„,i)) 

and 

A(p;ci,c 2 , ...,c„,i) = (mod A(p; di, . . .d t , ci, . . . , c u ,i)), 

hence 

Ai/(ci,c 2 , ■ • • ,c u ) =0 (mod A(p; di, . . . d t , Ci, . . . , c u , 
which implies that 

Az/(ci,C 2 ,...,C u )K dl ...K dt K Cl ...K Cu G Df. 

This proves that Df is a left ideal. The fact that Df is a right ideal is followed 
similarly. □ 

By the definition of Df, Df(p) is congruent to Df(p') for any u < q. By using 
these hypothesises, we will show that p,(p; c\, . . . , c g _i, i) is equal to /x(p'; c\, . . . , c g _i, i). 
We prepare the following two lemmas for the next proposition. 

Lemma 7.2. Die image of p q (wf) under ip o ?y is egwaZ to i/ie image of its any 
conjugate under (p o r\ modulo Df . 

Proof. Let tp o rj{p q {wl)) = 1 + cjj. Then cj^Kj = Kju;, = (mod Df) for any Kj. 
This is proved as follows. Let /i(p; ci, C2, . . . , c„, i)k Ci k C2 ■ ■ • re Cu be any term of a;,. 
Then the congruence 

^(p;ci,c 2 , . . . ,c u ,i) ee (mod A(p;ci,c 2 , . . . ,c u ,j, i)) 

implies that 

//(p;ci,c 2 , ■ • •) c u,i)n Cl K C2 ■ ■ ■ K Cu Kj ee (mod Df ). 
The second congruence follows by the same method. Moreover 

^(a i 7 7 (p««))a7 1 ) = (l + /s J -)(l+w<)(l-^ + ^ 2 -«/ + •••) 
= 1 + U)i + ( terms involving KjtJi or UJiKj) 
ee (mod Df) 
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where the last step follows because Df is a two-side ideal. Since any conjugation 
can be broken down into a sequence of conjugations by aj and aj 1 , the proof is 
complete. □ 

Lemma 7.3. For any element a e j (e = ±1 ) in MUM -1 , we consider its conjugation 
by image of p s (u!j) under r\ where s < q. This image under ip is equal to the 
image of a e j under ip modulo Dl +1 . That is, for any u < s < q the coefficients of 
these two images are equal modulo A(p; Ci, c 2 , . . . , c u , i). 

Proof. Let tp o rj(p s (io|)) = 1 + Then LJjKj = KjUjj = (mod D'l +1 ). In fact, let 
p(p; ci, c 2 , . . . , c u ,j)n Cl K C2 ■ ■ ■ k Cu be any term of which has degree smaller than 
s. Then the congruences 



and 

show that 
and 



fj,(p;ci,C2,...,Cu,j) = (mod A(p; ci, c 2 , . . . , c u , j, i)) 
/j,(p;c- L ,c 2 ,...,c u ,j) =0 (mod A(p;j, Ci, c 2 , . . . , c u , i)) 
/"(p;ci,c 2 , . . . ,c u ,j)n Cl K C2 ■ • • k Cu Kj = (mod L>- +1 ) 
H(p;d,C2, ■ ■ . ,c u ,j)KjK Cl K C2 ■ ■ -k Cu = (mod L>| +1 ). 



For any term in ujj which has degree greater than or equal to s, in ujjKj and Kjujj 
the degree of the product of the term and Kj is greater than s. Thus these are zero 
modulo D? + . Moreover, 

<p( aj ri{p' - <p(ri{p'{vll))aj) = (1 + k,)(1 +Uj) - (1 +Uj)(l + Kj ) 
shows that 

= 1 + ^(aT 1 r ? (p s K))- 1 ){^(a j?? ( i0 s K))) - <p(n(p' (vftyaj)} 
= 1 (mod Dl +1 ). 



Hence 
Similarly, 



^(p'(^))- 1 a J -„(p'K))) - V ( 0j ) (mod 
^( ?7 (p s K))- 1 a7 1 7 7 (p s K))) = ^(aj 1 ) (mod 



□ 



Proposition 7.4. indices ci, c 2 , . . . , c„, i are pairwise distinct, then p(p; c\, . . . ,c u ,i) 

p(p'; ci, . . . , c u , i) if p and p' are related by the shift move. 

Proof. Suppose p and p' are related by the shift move on the kth component. That 
is p = wi | • • ■ \wk-i \Ax\wk+i ■ ■ ■ \w n and p' = u>i \ ■ ■ ■ w k -i \xA\ w k +i \---\w n , where 
A is a letter in A. Furthermore, let we write \A\ P for \A\ in p and \ A\ p > for \A\ in p' , 
if x contains the letter A, then \A\ p i equals i/„(|A| p ). Otherwise, \A\ p i equals \A\ P . 
We need to consider the following three cases. 

Case 1: x contains the letter A 

Case 2: w\ ■ ■ ■ wt-i contains the letter A and \ A\ = b+ or a— 

(or Wk+i '■•!»„ contains the letter A and \A\ = a+ or b— ) 
Case 3: w\ ■ ■ ■ Wk-i contains the letter A and \A\ = a+ or 6— 

(or Wk+i ■ ■ ■ w n contains the letter A and \A\ = b+ or a—) 
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Case 1: Similar to HI move, p q {wf) is equal to p q {w' i e ) and so fi(p, cj., c q _i, i) 
is equal to fi(j/,ci, ...,c q -i,i). Thus /2(p, c x , c g _i, £) = p,(p',ci, c 9 _i, i). 

Case 2: Let |A| = 6+. (We can show the others cases in the same way.) Let 
fc be the order of the component in which shifted A occurs and h the order of the 
component in which the other A occurs. We divide the proof into the following two 
cases. 

Case 2-1: i = k 
Case 2-2: i ^ k 

Case 2-1: Consider the subgraph of F%(p') induced by the vertices obtained by 
deleting descendants of vertices labeled by A, and denote it by F' A . If we ignore the 
first factor of the label, then F?(p) and F' A are isomorphic as forests. Since i = k. 
k £ {ci, ...c q -i}. Moreover r](A) = a^. So the cardinality of S e (F%(p'), c\, . . . , c q -%) 
is equal to the cardinality of S c (F A ,ci, . . . , Cj-i). Similar to the case 3-1 of H2 
move, ^(p';ci,...,c g _i,fc) = ci, . . . , c,_i, fc). 

Case 2-2: Consider the subgraph of F q (p') induced by the vertices obtained 
by deleting descendants of vertices labeled by A. If we ignore the first factor 
of the label, then F q (p) and this subgraph are isomorphic as forests. We divide 
S(F q (p'),ci, . . . ,c q -i) into two groups according to whether it contains a vertex 
labeled by A or not. Let T-L+{p') denote the set which consists of elements of 
S e (Ff(p'),Ci, . . . ,c g _i) which have a child of a vertex labeled by A. Let ti + (p') 
denote the complement of H+(p') with respect to S e (Ff(p'),ci, . . . , c g _i). Similarly, 
we define H-(p') and %_(]/). 

ju(p';cij ■ • -,c q -i,i) 
= #S e {F?{p'), Cl , . . . ,c 3 _i) - #S (F?(p% d, . . . ,c*_i) 

(12) = #H+(p') - + #H+(p') - W-tf). 

Consider the right-hand side of the second equality. We denote the sum of first two 
terms by (fT2"ll) and the last two terms by (fl"2l 2). First of all, we consider (|12I 2). 
H + (p') corresponds to S e (F?(p), c\, ■ . ■ , c q -\) one-to-one and so dose i-L-{p') to 
S {Ff{p),c\, . . . , Cg-i). Therefore we have 

Q%2) = #S e (F?(p),ci,...,c q - 1 )- #S (F?(p), Cl , . . . ,c,_i) 
= V{p; ci, ■ • . ,c ? _i,i). 

Therefore the rest is to show that flTST l'l is equal to zero modulo A(p'; c\, . . . , c 9 _i, i). 
For any element G in H+ or H-, let G denote the subgraph induced by the vertices 
obtained from vertices of G by deleting the descendants of the vertex labeled by A. 
Then (fT2"l l) is divided into the following terms. 

(13) (Hl)= J2 (#{GeU + \G = F}-#{GeU-\G = F}). 

Fe{G\G£U+yjU-} 

Suppose that F is fixed. Let r denote the depth of the vertex of F labeled by A. 
Then we choose an element G in H+ or H- such that G is F. Let a sequence 
61,62) -••)&* denote the subsequence of Ci,...,c 8 _i obtained from ci,...,c g _i by 
picking up the sequence corresponding to the vertex labeled by A and its descen- 
dants in G. Let s = q — r — 1, then the right hand term of (flB"!) is equal to 

(14) (# 5 e(T', 61, ... , b t )-#S (T', 61,..., 6t)) 

-Fe{G|Ge-H+uw_} 

where T" is either T^ +1 (p') or the tree obtained by changing the sign of the forth 
factor of the root in T A +1 {p'). We then consider the vertices of F except the vertex 
labeled by A. If the number of theses vertices which have label —1 as the forth 
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factor of the labels is even (odd, respectively), let ef — 1 (ef — — 1, respectively). 
By lemma 15.31 the right hand term of (fl"4")) is equal to 

(15) _^ 

^ Ef ■ ^the coefficient of ••■ Kb t in (p(r](p s ({wf,)~ 1 ))a ± r](p s (wl)))^J . 

F£{G\G£-H + im-} 

We know that r + t — 1 < q — 2 and so t < s. By lemma 17.31 the coeffi- 
cient of ■■■Kb t in (/3(?7(p s ((u;|) _1 ))a ± ry(/C) s (i(;|))) is equal to the coefficient of 
/t&j ■ ■ ■ Kb t m V 3 ( a fe ) modulo A(p'; £>i, 62, ■ • • , &t; «), and so A(p'; ci, . . . , c g _i, z). Since 
i > 2 and b\,...,bt are pairwise distinct, the coefficient of Kb 1 ■ • • Kb t in <p(ait) 
is zero. Therefore term ([15)1 is equal to zero modulo A(p'; c\, . . . , c g _i, i). Thus 
M(/;ci,.. • ,c 9 _i,z) = a(p;ci, ■ • .,c g _i,i). 

Case 3: Let |A| = o+. (We can show the others cases in the same way.) Let k be 
the order of the component in which shifted A occurs, h the order of the component 
in which the other A. We divide the proof into the following three cases. 

Case 3-1: i = h 
Case 3-2: i = k 
Case 3-3: i 7^ h,k 

Case 3-1: Similar to the case 4-1 of H3 move, pi(p'; c\, . . . , c q -%, h) = fx{p; c±, . . . , c q - 
Case 3-2: We can represent p 2 {w k ) as Ax-i where x-i is a word in ADA' 1 . Then 
p 2 (w' k e ) is represented by X2A. Moreover p q (w k ) and ^(wj. 6 ) can be represented by 
y q x Ay q Xq and x' q y' q 1 Ay' q respectively where x q , y q , x' q and y' q are some words in AU 
A~ 1 . Consider the set of vertices V and V which are obtained from vertices of F k (p) 
and F k (p') respectively by deleting vertices labeled by k and their descendants . Let 
F and F' denote the two subgraphs induced by V and V respectively. Moreover 
let I and I' denote the words corresponding to F and F' respectively. We note that 
I < p q {w%) and V < p q (w' k £ ). Then I and I' can be represented by y q ~ Ay q x q and 
x q y q ~ 1 Ay q respectively, where x" q and y q are some words in A U A^ 1 . Then we 
have 

M(p;ci, . . .,c q -!,k) = #5 c (i^(p),ci, . . .,Cg-i) - #<S (F i 9 (p),ci,. . . ,Cg_i) 
= #5 e (F,ci,...,c 9 _i) -#5 (F,ci,...,c,j_i) 

(16) = the coefficient of k Ci • ■ ■ n Cq l unp o T)(l). 
Similarly, we have 

(17) ci, . . . , c 9 _i, fc) = the coefficient of k Ci ■ ■ ■ K c x in ip o rj(l ). 

We notice that i is equal to {y'^ 1 Ay'^V {y'^ 1 A^y'^). It follows from lemma O 
that the coefficient of k Ci ■ ■ • k c 1 in 99 o ?j(Z) is equal to that in ip o ?y(Z') modulo 
A(p'; ci, . . . , c q -i, k). As a result, we have 

/u(p;ci,...,c g _i,fe) =/i(p';ci,...,Cg_i,A;). 

Case 3-3: F?(p') is the subgraph induced by the vertices obtained from ver- 
tices of F?(p) by deleting vertices labeled by A and thier descendants. We divide 
S(F?(p), ci, . . . , c 9 _x) into two groups according to whether it contains a vertex of 
labeled by A or not. Let Q e ,A{p) denote the complement of G e ,A(j>) with respect to 
S e (F?(p), ci, . . . , c q -i). Similarly, we define Go,a(p)- Then we have 

Hip; a, . . . ,c q -!,i) 
= #S e (F?(p), Cl , . . . ,c,_i) - #S (F?(p), Cl , . . c q _ x ) 

(18) = #GeAv) - #Go,a(p) + #G s ,a(p) - #GoM- 
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Consider the right-hand side of the second identity in (fT5|) . We denote the sum 
of first two terms by (JT5] 1 ) and last two terms by (|T5l 2). First of all, we consider 
([181 2). We have as before 

(H2) = f i(p';c 1 ,...,c q - 1 ,i). 

Secondly, we consider (fT511). Since i ^ fc, the vertices labeled by A have a vertex 
labeled by k as their parents. Let /C+(p) denote the set which consists of all elements 
of S e (F^(p),ci, . . . , c g _i) such that there exists an edge from a vertex labeled by k 
to a vertex labeled by A. Similarly, we define /C_(p). Hence 

(19) CBH) = #/c+(p)-#/c_(p). 

We consider the set of all sequences obtained from ci, . . . ,c ? _i by deleting some 
indices where we must delete indices h and not delete indices k, and denote it by 
C. For any element G of S(Ff(p),cx, . . . , c g „i), G denotes the subgraph induced 
by the vertices obtained from the vertices of G by deleting the vertices labeled by 
A and their descendants. Then ([T9")) is equal to 

(20) 

(#{Ge/C+ | G G S{F?(p), bi, b r )} - #{G e /C_ | G e S(F?(p), h,..., b r )}). 

(b u ...,b T )ec 

Because of the fact proved later, the term (|20D is equal to 

(21) Yl S bl ,..., br -(*S e (F?(p),h,---,br)-#S (F?{p),h,---,b r )). 

(bi,...&,.)ee 

where 5^,...,^ is the integer defined by the sequence b\, b r . Therefore 

m= E S b u ...,b r - (#S e (F?(p'), h,..., b r )-#S (F? 00,61, ..-A)) 
(bi,...6 r )ec 

= h r • ^the coefficient of k Ci . . . n Cq _ 1 in (p o ^^(w 1 ^)) ^ 

( bl ,...b T )ec 

= Y h u ...,b r •M(p';6i,...,6 r ,i). 
(i>i,...6 r )ee 

Since for any b r ) in C, /Lt(p'; b\, . . . , b Tl i) is divided by A(p'; ci, ...c q -\,i), the 

above formula is zero modulo A(p'; c\, ...c q -\,i). 

We will show that (gHl) is equal to (gTJ). Let A + and A_ denote {G e JC+ \ G e 
S(F?(p),b u ...,b r )} and {G E /C_ | G e S(F?(p), b u . . . , b r )} respectively. Let 
B + and _B_ denote S c (F?(p), bi,...,b r ) and S a (F-'(p),bi, . . . A) respectively. If 

A + U A_ = 0, then we set 5b 1 & r = 0. If not, we define a map 6* : A + U A_ — s- 

B + U £?_ by 9(g) = g for any g € A + U Then 6* is a surjective. In fact there 
exists h in i? + U £?_ such that for any g in j4 + U the image of <? under 8 is not 
equal to h, then A + U A_ = 0. In addition for any e±, e 2 G B + , 

#(r 1 (e 1 )n4) = #r 1 (e 2 )n4) 

#(0- 1 (e 1 )n J 4_) = #(0- 1 (e 2 )nA_). 

Let us denote (3+ (f3- ) the value of the above first (second, respectively) identity. 
Moreover for any ei € £?+, e 3 € £?_, 

#(0- 1 (e 1 ) n A+) = #(e- 1 (e 3 ) n A_) - 0+ 

#(0- 1 (e 1 ) ni_) = #(0- 1 (e 3 ) n A+) = p_. 
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Let 7+ = #£?+ and 7. 



□ (0- 1 (e 1 )nA + ) y (0- 1 ( e3 )n^ + ), 



A. 



■+ 




.4 



J (e- 1 (e 1 )nA.) □ (e-\e 3 )nA_) 




show 



#A 



+ 



7+/?+ +7-/?-, 
7+ /3_ +7-/3+. 



Therefore 



+ 



#A 



( 7+ /3++ 7-/3-) -(7+/3-+ 7-/3+) 

(/3+-/3_)( 7+ -7_) 

(/3+-/3_)(#B+-#B_). 



Hence we may set f^,...,;,,. as /3 + — 



□ 



8. Welded links 



Fixing a, we define an H4 move on nanophrases over a as follows. In the moves 
on a nanophrases, the lower cases x, y, z and t represent arbitrary sequences of 
letters, possibly including one or more '|', so that the phrase on each side of the 
move is nanophrase. The move is 

H4-1 move : if (|A|, 1^1) e Ti, 

(A, xAyABzBt) < — > (A, xAyBAzBt). 
H4-2 move : if (|A|, \B\) G T 2 , 

(A, xAByAzBt) i — > (A, xBAyAzBt). 
H4-3 move : if (|A|, e T 3 , 

(A, xAyBzABi) ^ — > (A,xAyBzBAt), 
where T\, Ti and T3 are subsets of a x a. 

Let T be the triple {T\,T2 1 T 3 ). We define the extended M-homotopy to be the 
equivalence relation of nanophrases over a generated by isomorphisms, HI, 2, 3, 4 
moves with respect to (a, r, S) and T, self crossing moves with respect to a and 
shift moves with respect to v. 

Here we recall that two virtual link diagrams are said to be welded equivalent if 
one may be transformed into the other by a sequence of generalized Reidemeister 
moves and the upper forbidden moves in Fig. 111! Welded link can then be defined 
to be the welded equivalence class of virtual link diagrams. 



Theorem 8.1. Under the homotopy defined by (a v ,T v , S v ), v v and T v , the set of 
homotopy classes of nanophrases over a v is in bijective correspondence with the set 
of ordered welded links, where T v is the triple (Ti,T2,Ts) and 




Figure 11. Upper forbidden move 



T i = {(a+,a+), (a+,M> ( b -, a +), ( b -,b-)}, 
T 2 = {(o_,6_), 0+,a+), (a_,a+), (&+,&_)}, 

T 3 = {(a-, a-), («-, Mi ( 6 +> a -)> ( b +, b +)}- 



p, INVARIANT OF NANOPHRASES 



23 



Proof. By Theorem 12.11 the set of homotopy classes of nanophrases over a v under 
the homotopy with respect to (a v , t v , S v ) and v v is in bijective correspondence with 
the set of virtual links. Consider the upper forbidden move. It suffices to consider 
the case when the orientation of three arcs are as illustrated in Fig. [T2j (The de- 
formations involving other orientations of the arcs can be obtained as compositions 
of this one with isotopy and local deformations of the second Reidemeister moves.) 
There are 6 cases to consider depending on the order in which one traverses the 
three arcs involved. Let the order of arcs be illustrated in Fig. [T2J Then this move 
transforms the associated phrase from xAyBzABt to xAyBzBAt where x, y, z and 
t are words not including the letters A and B, and \A\ — \B\ = a_. Contrarily if two 
nanophrases are represented by xAyBzABt and xAyBzBAt, the associated virtual 
link diagrams are related by upper forbidden moves. We can show the others cases 
in the same way. Therefore under the homotopy defined by (a v ,r v , S v ), v v and T v , 
the set of homotopy classes of nanophrases over a v is in bijective correspondence 
with ordered welded links. □ 




Figure 12. 



Theorem 8.2. Let p be 0,71 Tl-C07Tipon6Tlt TICLTlOphvCLSG. Let Cj) C2; * • * ; c u , i be a 
sequence of integers between 1 and n such that c\, c%, ■ • ■ , c u , i are pairwise dis- 
tinct. Then p,(p; c\, c%, . . . , c u , i) is an invariant under extended M-homotopy of 
nanophrases with respect to (a v ,T v , S v ) and T v associated with the upper forbidden 
move, v v and o~ v . 

Proof. By the proof of Theorem 13 . 31 it suffices to show that fi(p; Ci, . . . , c u , i) — 
c\, . . . , Cu, i) if p and p' are related by H4 move corresponding to an upper 
forbidden move. Suppose p = xAByAzBt and p' = xBAyAzBt where \A\ = \B\ = 
b-. (We can show the others cases in the same way.) Since r/(A) = f](B), Theorem 
18.21 follows from the same arguments as in proof of Proposition 16. 31 □ 

Note that two nanowords are always equivalent under extended M-homotopy 
defined by (a v , t v , S v ), v v , T v and o~ v associated with the welded equivalence rela- 
tion. 
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